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In a least-squares ref inement  applied to all three  co- 
ordinates of n a toms simnltaneously,  the  normal  equat ions 
m a y  be wr i t ten  in the  form 

( i , j  = 1, 2 . . . . .  n ) ,  (1) 

where the  mat r ix  of coefficients consists of nine blocks 
(A0-, etc.) and  each of these blocks has n ~ terms wi th  
the  following typical  e lements :  
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The column matr ices in (1) have been wr i t ten  for brevi ty  
in terms of sub-matrices. Thus Axi stands for the  column 
sub -matrix 

{Axl Ax2 Ax3 . . .  Axe} ,  

and similarly for Ayi, Azi, and Xi,  Yi, Zi. The typical  
e lements  of Xi, Yi and Zi are 

aF 0F 

0F 

(Fo--Pc) ; 

(3) 

The summat ions  in (2) and (3) are over all the  s tructure 
factors used, and  uni t  weight  has been assumed. 

The mat r ix  of the  coefficients is, of course, symmetr ic ,  
since 

ai i= aji ; bii ---- bji ; ci] ---- cii; li; = lj~; 
t e 

mij = mii; ni] =ni i ;  (4) 
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bu t  wi th  the  normal  equat ions  me t  wi th  in crystal deter-  
minat ion,  fur ther  s y m m e t r y  is possible. Thus for a crystal 
possessing only a centre of s y m m e t r y  the  expression for 
the  structure factor is 

F = 2 . ~ f r  cos 2~(hxr/a+kyr/b+lzr/c) ,  (5) 

for which the  following relations are readily verified: 

OF OF OF OF OF OF OF OF OF OF OF OF 

OXr Oys Oxs Oyr' aXr azt axt Ozr' Oys Ozt ayt Oz, '  

whence it follows t h a t  (6) 

l i i=  lji; mi] ----- m]i; ni] - - - -  nil ,  (7) 

wi th  similar relations for the  dashed quantit ies.  Thus each 
of the  nine blocks in the  mat r ix  of coefficients is sepa- 
rately symmetr ic ,  the  tota l  number  of independent  
coefficients being 3n(n + 1). 

If, however,  the  crystal possesses a mirror plane in 
addi t ion to a centre, i.e. space group P12/ml ,  the ex- 
pression for the  s tructure factor is 

F = 4 ~ f r  cos 2ze(hxr/a+lz,/c) cos 2~kyr/b , (8) 

and  the  relations corresponding to (7) become 

lii =~ lii; mii = mji; nij ~= nji ,  (9) 

i.e. only blocks M and M '  are now separately symmetric .  
The s y m m e t r y  of the  dashed blocks is, of course, the  
same as t ha t  of the  corresponding undashed  blocks. The 
number  of independen t  coefficients is now 2n(2n+  1). 

Lastly,  for space groups wi th  symmet ry  higher than  
tha t  of the  monoclinic system, all the  addit ional  sym- 
me t ry  of the  mat r ix  of coefficients disappears, and  there 
are 3n(3n+ 1)/2 independent  coefficients. I t  is, of course, 
the  reduct ion of the  general expression for the  s tructure 
factor by  summat ion  over the  equivalent  points  which 
causes this el iminat ion of s y m m e t r y  in the  matr ix.  
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Difference maps  have been used increasingly in last-stage- 
ref inement  of crystal structures,  and the theory  under-  
lying this m e t h o d  has been set out  in numerous  papers 
by several authors.  The results can, for our present  
purpose, be summarized in the  following synopsis: 
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On assuming spherical electron-densi ty d i s t r i b u t i o n  
near  an atomic centre, the  displacement  Ax from the  
near-correct  input  paramete r  x to the  bet ter  approxima- 
t ion x + A x  will be 

A x  = - ( ~ A q / A x ) / ( 6 * q c / 3 x * )  , 

and  similar expressions for other  coordinates;  


